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Abstract
We show that, modulo some odd prime p, the powers of two weighted sum of
the first p divided Bernoulli numbers equals twice the number of permutations
on p− 2 letters with an even number of ascents and distinct from the identity.
We provide a combinatorial characterization of Wieferich primes, as well as of
primes p for which p2 divides the Fermat quotient qp(2).
1 Introduction
Congruences involving Bernoulli numbers or divided Bernoulli numbers have
drawn the attention of many mathematicians. The list is so long that we may
not venture citing any author here. In this note, we study powers of two weighted
sums of the first p divided Bernoulli numbers modulo p, where p is a given odd
prime number. Bernoulli numbers are rational numbers and presently we view
them as p-adic numbers. We define the divided Bernoulli numbers as
Bn =
Bn
n
∈ Qp when n ≥ 1 and B0 = −
1
p
∈ Qp
where Qp denotes the field of p-adic numbers. The convention for B0 is our own
convention, especially the minus sign which is simply there because it will allow
for a nicer formula. We recall that all the Bernoulli numbers with odd indices
are zero, except B1 which takes the value −
1
2 .
After excluding both the upper bound and the lower bound of the weighted
sum, we are able to express the remaining sum in terms of the Agoh-Giuga
quotient and of some Eulerian sum modulo p. The Agoh-Giuga quotient is the
p-adic integer
pBp−1 + 1
p
∈ Zp
Von Staudt-Clausen’s theorem, a theorem dating from 1840 that was indepen-
dently proven by von Staudt and Clausen, asserts that the Bernoulli numbers
B2k sum to zero when added all the fractions
1
q
with q prime such that q − 1
1
divides 2k. It is a consequence of von Staudt-Clausen’s theorem that pBp−1 is
a p-adic integer of residue −1 modulo pZp.
Eulerian sums are sums involving Eulerian numbers. The Eulerian number
E(m,n) is by definition the number of permutations on n letters with m as-
cents. If (i1, i2, . . . , in) denotes the permutation mapping the integer j onto ij ,
an ascent is when ik+1 > ik. Eulerian numbers originate in Euler’s book dating
from 1755 in which he investigates shifted forms of what are now called Eulerian
polynomials.
En(t) =
n∑
m=0
E(n,m) tm
They get more attention a century later in the studies of Worpitzky, see [24].
Our main result is the following.
Main Theorem. Let the Bk’s denote the divided Bernoulli numbers, as defined
earlier. Then, we have
p−2∑
k=1
Bk
2k
=
pBp−1 + 1
p
+ 2

 #permutations on (p− 2) letterswith an even number of ascents
and distinct from the identity

 mod p (1)
The second component of the sum to the right hand side of (1) is precisely twice
the Eulerian sum
p−5
2∑
k=0
E(p− 2, 2k)
Eulerian numbers can be computed from the recursion formula
E(n,m) = (n−m)E(n− 1,m− 1) + (m+ 1)E(n− 1,m)
We prove more results including but not limited to the Fermat quotient qp(2)
to the moduli p and p2, sums of powers of odd integers and sums of divided
Bernoulli numbers.
Some of the proofs in the current paper are based on using two equivalent
definitions for the unsigned Stirling numbers of the first kind. From these two
definitions we can derive the following lemma.
Lemma 1.
p! =
p∑
s=1
[
p
s
]
(2)
(p+ 1)! =
p∑
s=1
[
p
s
]
2s (3)
Equality (2) comes from the fact that
[
p
s
]
counts the number of permutations
of p objects that decompose into a product of s disjoint cycles. Since any
2
permutation of p objects can be uniquely written as a product of cycles with
disjoint supports, equality (2) holds.
As for Equality (3) it arises from the other definition of the unsigned Stirling
numbers of the first kind, namely,
[
p
s
]
is the unsigned coefficient of xs in the
falling factorial
x(x − 1) . . . (x− (p− 1))
and so, one can write
x(x − 1)(x− 2) . . . (x− (p− 1)) =
p∑
s=1
(−1)s−1
[
p
s
]
xs (4)
It now suffices to specialize x = −2 in Equality (4). We thus get Equality (3) of
Lemma 1. Modulo p2, the two factorials p! and (p+1)! of the lemma are equal.
By [11] or [6], we know how to calculate the Stirling numbers modulo p2 in
terms of Bernoulli numbers. Then by using some results of Emma Lehmer [9],
we are able to relate the investigated weighted sum to a sum of powers modulo
p2, just as stated in the following proposition.
Proposition 1.
p−1
2∑
a=1
ap−1 = −1−
1
2
pBp−1 +
p
2
(
3
2
+
p−3
2∑
k=1
B2k
k 22k
)
mod p2 (5)
Independently, by working out the sum to the left hand side of (5) modulo
p2 and by using some known formula relating an alternating sum of Eulerian
numbers to the Bernoulli numbers, we obtain an intermediate result on the
Fermat quotient
qp(2) =
2p−1 − 1
p
The result is stated in the following theorem.
Theorem 1.
qp(2) = 2

 #permutations on (p− 2) letterswith an even number of ascents
and distinct from the identity

+ 1 mod p (6)
The last theorem of the introduction provides the next term in the p-adic
expansion of the Fermat quotient qp(2), expressed combinatorially and in terms
of the second coefficient in the p-adic expansion of pBp−1 (that is the residue
modulo p of the Agoh-Giuga quotient).
As a corollary obtained from Eisenstein’s formula [4] for the Fermat quotient
qp(2) =
1
2
p−1∑
k=1
(−1)k−1
k
mod p,
we have:
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Theorem 2.
p−1∑
k=1
(−1)k
k
= 2
(
1− 2
(
#permutations on (p− 2) letters
with an even number of ascents
))
mod p (7)
And since we have Hp−1 = 0 mod p by Wolstenholme’s theorem [23], where H
denotes the harmonic number, we thus deduce
Theorem 3.
qp(2) =
p−1∑
k = 1
k odd
1
k
= 2

 #permutations on (p− 2) letterswith an even number of ascents
and distinct from the identity

+ 1 mod p
Remark 1. The harmonic sum of Theorem 3 with odd reciprocals is sometimes
denoted by H
′
p−1 in the literature. Back in 1900, Glaisher has obtained the
congruence to the left in Theorem 3 to the modulus p2. Namely, he showed in
[7] that
qp(2) = H
′
p−1 +
1
2
p (H
′
p−1)
2 mod p2
Vandiver provided a simpler proof for the latter congruence in [21].
At the end of his Remark 5.3 of [18], Sun provides a congruence for H
′
p−1 to
the modulus p3. It is the following:
H
′
p−1 = qp(2)−
1
2
pq2p(2) +
1
3
p2q3p(2)−
1
24
p2Bp−3 mod p
3
Further, from Stern’s formula [17] modulo p for the Fermat quotient qp(2),
namely
qp(2) =
p−1
2∑
k=1
(−1)k−1
k
mod p,
joint with Lehmer’s formula for the harmonic number H p−1
2
modulo p2, we
derive
Theorem 4.
p−1
2∑
k = 1
k odd
1
k
=
1
2
(
1− 2
(
#permutations on (p− 2) letters
with an even number of ascents
))
mod p
Coming back to the sketch of the proof of the main theorem, from Eq. (3)
of Lemma 1 written modulo p2 and Theorem 3, we derive the formula of the
main theorem. Stated under the form of the title of the current paper, it reads
instead:
4
Theorem 5. Under the convention that B0 = −
1
p
, we have:
p−1∑
k=0
Bk
2k
= 2

 #permutations on (p− 2) letterswith an even number of ascents
and distinct from the identity

 mod p (8)
Last, a consequence of Eq. (2) from Lemma 1 is that the sum of the first
(p−2) divided Bernoulli numbers is congruent to the residue of the Agoh-Giuga
quotient modulo p minus 1, that is congruent to the residue of the Wilson
quotient. We also gather more congruences in the theorem below.
Theorem 6. Let Bi denote the ith divided Bernoulli number. Let wp denote
the Wilson quotient and let qp(2) denote the Fermat quotient. Then, we have:
p−2∑
k=1
Bk =
pBp−1 + 1
p
− 1 = wp mod p (9)
p−2∑
k=1
Bk
2k
= qp(2) + wp mod p (10)
p−2∑
k=1
Bk
2k
= −
1
2
H p−1
2
+
pBp−1 + 1
p
− 1 mod p (11)
∑
1 ≤ k ≤ p− 2
k is even
Bk
k 2k
=
B1
2
+
∑
1 ≤ k ≤ p− 2
k is even
(Bk − 1
k
)
mod p (12)
In the statement above, (10) and (12) are obtained by combining several of the
previous results. Whereas (11) is a rewriting of (10) using the fact that
H p−1
2
= −2qp(2) mod p (13)
This is for instance a special case of Vandiver’s congruence dating from 1917.
His result of [21] is built out of Lerch’s original formula dating from 1905 and
asserts that
n qp(n) = −
n−1∑
j=1
H⌊ jp
n
⌋ mod p
We will see along the paper that Lehmer has also obtained Congruence (13)
to the next modulus p2, and Sun in [18] even gets a congruence modulo p3.
Regarding (10), Beeger computed wp modulo p for p < 300. For this range of
primes, wp = 0 mod p only when p = 5 and p = 13, see [1]. For these values of
p, we see with (10) that the powers of two weighted sum of divided Bernoulli
numbers equals the Fermat quotient modulo p. In particular,
11∑
k=1
Bk
k2k
= q13(2) mod 13 (14)
Additionally, we prove the following statements concerning sums of powers.
5
Theorem 7.
(i) The sum of the first p−12 odd powers of the first
p−1
2 integers is congru-
ent to − 12 modulo p.
(ii) The sum of the first p−12 odd powers of the next
p−1
2 integers is congruent
to 12 modulo p.
For the next statement, we must introduce a few notations.
Notation 1. Denote by Np−2 the number of permutations on p− 2 letters with
an even number of ascents.
Notation 2. Let x be a p-adic integer. We denote by (x)k the (k + 1)-th
coefficient in the p-adic expansion of x, that is
x =
∞∑
j=0
(x)j p
j
In particular, (x)0 is the residue of x modulo p.
The following theorem addresses sums of powers of odd integers modulo p2.
Theorem 8.
(i)
p−1∑
x = 1
x odd
xp−2 = (2Np−2)0 − 1 + p
(
(pBp−1)1 + (2Np−2)1 −
(
(2Np−2)0 − 1
)2
− 2
)
mod p2 (15)
(ii)
p−1∑
x = 1
x odd
xp−1 = −
1
2
+
p
2
(
(pBp−1)1 − (2Np−2)0 + 1
)
mod p2 (16)
By Beeger’s result mentioned earlier, we know that (13B12)1 = 1.
From the table below listing the Eulerian numbers with an even number of
ascents computed from the Euler triangle,
n\m 0 2 4 6 8 10
11 1 152 637 9 738 114 9 738 114 152 637 1
we compute that N11 = 19 781 504 and (2N11)0 = 4 and (2N11)1 = 8.
We can check that Congruence (15) is verified when p = 13. Namely, we have:
111+311+511+· · ·+1111 = (2N11)0−1+13
(
(2N11)1−(2N11)
2
0+2(2N11)0−2
)
mod 132
Finally, we confront our congruence (15) of Theorem 8 and a result of Emma
Lehmer in order to obtain the next term in the p-adic expansion of the Fermat
quotient qp(2). Our result is the following.
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Theorem 9.
2p−1 = 1 + p
(
(2Np−2)0 − 1
)
+ p2
(
[(pBp−1)1][(2Np−2)0]− (2Np−2)
2
0+(2Np−2)0+(2Np−2)1− 2
)
mod p3
(17)
Confronting our Theorem 9 and Remark 1, we obtain:
Theorem 10. Let H
′
p−1 = 1 +
1
3 +
1
5 + · · ·+
1
p−2 . We have,
(2Np−2)0 = (H
′
p−1)0 + 1 (18)
(2Np−2)1 =
3
2
(H
′
p−1)
2
0 −
(
1 + (H
′
p−1)0
)
(pBp−1)1 + (H
′
p−1)0 + (H
′
p−1)1 + 2
(19)
By computing (2Np−2)0 in another way, we obtain the following interesting
congruence.
Theorem 11.
p−2∑
m = 1
m odd
Hm =
1
2
(
1 + (H
′
p−1)0
)
=
1 + qp(2)
2
mod p
A prime p is called a Wieferich prime if qp(2) = 0 mod p. In other words,
a Wieferich prime satisfies to Fermat’s little theorem at the next modulus of p.
Wieferich had introduced these primes in 1909 while working on Fermat’s last
theorem. He had shown that if there exist solutions to xp + yp = zp in integers
x, y, z and p is an odd prime with p coprime to x, y, z, then p is a Wieferich
prime. As of September 2018, the only known Wieferich primes are 1093 (found
by Meissner [12] in 1913 and only such prime below 2000) and 3511 (found by
Beeger [1] in 1922). In [3], the authors show that there are no other Wieferich
primes p < 6.7×1015, yet improving on the bounds provided by a dozen of other
mathematicians (the latest bound had been reached in 2005). Previously, Grave
had conjectured that Wieferich primes did not exist. In 1988, Joseph Silverman
showed in [16] that if the abc conjecture holds, then there exist infinitely many
non-Wieferich primes.
We now present a combinatorial characterization of a Wieferich prime. In
light of Theorems 1 and 3, we have:
Theorem 12. Let Np−2 denote the number of permutations on p − 2 letters
with an even number of ascents. Let (2Np−2)0 denote the residue modulo p of
7
twice this number. Then,
p is a Wieferich prime ⇔ (2Np−2)0 = 1 (20)
⇔ (H
′
p−1)0 = 0 (21)
Definition 1. (super Wieferich prime) We will call a prime a ”super Wieferich
prime” if qp(2) = 0 mod p
2
In light of Theorems 9 and 10, we have:
Theorem 13. Let Np−2 denote the number of permutations on p − 2 letters
with an even number of ascents. Let (2Np−2)0 denote the residue modulo p of
twice this number. Let (2Np−2)1 denote the next residue in the p-adic expansion
of twice this number. Then,(
p is a super Wieferich prime
)
⇔
{
(2Np−2)0 = 1
(2Np−2)1 + (pBp−1)1 = 2
(22)
⇔ (H
′
p−1)0 = (H
′
p−1)1 = 0 (23)
We deduce a combinatorial necessary condition for a prime to be a super
Wieferich prime and a Wilson prime.
Theorem 14. (Search for Wilson and super Wieferich primes).
Let Np−2 denote the number of permutations on p − 2 letters with an even
number of ascents. Let (2Np−2)0 denote the residue modulo p of twice this
number. Let (2Np−2)1 denote the next residue in the p-adic expansion of twice
this number.
If p is a Wilson and super Wieferich prime, then (2Np−2)0 = (2Np−2)1 = 1
We draw below a list of open questions.
Open problem 1. Does there exist any Wilson prime that is also a Wieferich
prime ?
Open problem 2. Does there exist any super Wieferich prime ?
If the answer to both questions is yes, we ask:
Open problem 3. Does there exist any Wilson prime that is a super Wieferich
prime ?
In [2], Richard Crandall, Karl Dilcher and Carl Pomerance reported that
there were no other Wilson primes than 5, 13 and 563 less than 5× 108.
The authors worked on both the Wieferich search and the Wilson search, but
they did not study whether the two sets intersect or not. It has been conjectured
that infinitely many Wilson primes exist, as for Wieferich primes.
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The paper is structured as follows.
In § 2, we prove the main theorem as well as Theorems 1-6 concerning
residues of the Fermat quotient qp(2) (Theorem 1), the alternating harmonic
sum and the harmonic sum of odd reciprocals corresponding to the harmonic
number Hp−1 (Theorem 2 and 3), the harmonic sum of odd reciprocal corre-
sponding to the harmonic number H p−1
2
(Theorem 4), powers of two weighted
sums of the first p divided Bernoulli numbers (Theorem 5) and sums of divided
Bernoulli numbers (Theorem 6).
The next paragraph § 3 deals with sums of powers exclusively. We prove
Theorems 7 and 8.
In § 4, we prove Theorem 9 which provides a formula for the p-adic expansion
of qp(2) up to the modulus p
3. We deduce Theorem 10 by using Glaisher’s
expression for the Fermat quotient modulo p2, taken from [7]. The results of
Theorems 12 and 13 can then be read out of Theorems 9 and 10. At the end
of this part, we also prove Theorem 11. The theorem follows from Eq. (18) of
Theorem 10 and from a separate calculation of the Eulerian numbers modulo
p. The latter computation is the subject of forthcoming Proposition 4.
In the last part, we mention Zhi-Wei Sun’s work dealing with similar powers
of two weighted sums, concerning divided harmonic numbers this time. We
came across his work after this work was completed.
Tentatively connecting our work and Sun’s work is left for future plans.
As part of his results, Z-W. Sun proves that the powers of two weighted sum of
the first (p− 1) divided harmonic numbers is congruent to zero modulo p. Here
we investigate when a similar statement holds if we consider a power of two
weighted sum of the first (p − 2) divided Bernoulli numbers (when excluding
B0). Further, we generalize this investigation to powers of integers k with
3 ≤ k ≤ p− 1.
Our conclusions are gathered in the following theorem.
Theorem 15. Let p be an odd prime and let k be an integer with 1 ≤ k ≤ p−1.
Let Σp,k :=
p−2∑
l=1
Bl
l kl
The sum Σp,k is congruent to zero modulo p if and only if the second term in
the p-adic expansion of the root of Xp−1 + (p− 1)! of residue k is zero.
2 Proof of the main theorem and the Fermat
quotient qp(2) modulo p
We start this part by introducing some expressions for various sums involving
Bernoulli numbers. These will be useful throughout of the paper.
We establish the following lemma which arises from writing Lemma 1 of the
introduction modulo p2.
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Lemma 2.
− p = p! = 1 + p
(
Bp−1
1
+
Bp−3
3
+
Bp−5
5
+ · · ·+
B2
p− 2
−
3
2
)
mod p2 (24)
pBp−1 = −1 + p
(
1− 2qp(2) +
p−3
2∑
s=1
(1 − 22s+1)
Bp−(2s+1)
2s+ 1
)
mod p2 (25)
Proof. The expression for the Stirling numbers modulo p2 is read out of
Corollary 2 of [11]. We have by Eq. (1) of Lemma 1,
p! = pBp−1 − p+
p−3
2∑
s=1
p
2s+ 1
Bp−2s−1 −
p
2
+ 1 mod p2 (26)
A simple rewriting of (26) is (24).
Next, we write Eq. (2) of Lemma 1 modulo p2. It allows to express the weighted
sum of interest in terms of the Agoh-Giuga quotient and of the Fermat quotient.
We have, where we used again the expressions for the Stirling numbers modulo
p2 taken from Corollary 2 of [11],
− p = (p+ 1)! = 2(pBp−1 − p) +
p−3
2∑
s
′=1
p
2s′ + 1
Bp−2s′−1 2
2s
′
+1 −
p
2
+ 2p mod p2
(27)
Congruence (25) is obtained by subtracting (27) and (26).
If in the sum of Congruence (27) we make the change of indices corresponding
to 2s = p− (2s
′
+ 1), we get
2p
p−3
2∑
s=1
B2s
2s 22s
= 2(pBp−1 − p) +
p
2
+ 2p mod p2 (28)
We deduce, using also that B1 = −
1
2 and Bj = 0 for j odd greater than 1,
Lemma 3.
p−2∑
k=1
Bk
k 2k
=
pBp−1 + 1
p
+ qp(2)− 1 mod p (29)
The next goal is to prove Theorem 3 which provides a combinatorial inter-
pretation for the Fermat quotient qp(2) modulo p. To that aim, we will need a
result of Lehmer.
Theorem 16. (Due to Emma Lehmer [9], 1938) If p− 1 6 | 2k − 2, then
pB2k ≡
1
22k−1
p−1
2∑
a=1
(p− 2a)2k mod p3 (30)
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Apply Lehmer’s result with 2k = p− 1 after noting that p− 1 6 |p− 3.
We get:
pBp−1 =
1
2p−2
p−1
2∑
a=1
(p− 2a)p−1 mod p3 (31)
Expanding the product modulo p2 yields:
(p− 2a)p−1 = 2p−1ap−1 − p(p− 1)2p−2ap−2 mod p2 (32)
= 2p−2(2ap−1 + p ap−2) mod p2 (33)
It follows that
pBp−1 = 2
p−1
2∑
a=1
ap−1 + p
p−1
2∑
a=1
ap−2 mod p2 (34)
We stop here to introduce some notations which will be useful throughout the
paper.
Notation 3. Denote by Sk the sum of kth powers
Sk =
p−1
2∑
a=1
ak
Using Notation 3, we summarize congruence (34) in the following lemma.
Lemma 4.
pBp−1 = 2Sp−1 + pH p−1
2
mod p2 (35)
Remark 2. In [18], Sun provides a congruence for H p−1
2
modulo p3 in terms of
the Bernoulli number Bp−3 and of the Fermat quotient qp(2). It is the following:
H p−1
2
= −2qp(2) + p q
2
p(2)−
2
3
p2 q3p(2)−
7
12
p2 Bp−3 mod p
3 (36)
Previously in [9], Lehmer had obtained the same congruence modulo p2 only.
Another useful result is the following.
Theorem 17.
Sk =
p−1
2∑
r=1
rk =


(2−k+1 − 1)Bk
p
2 mod p
2 if k is even (I)k
(
1
2k+1
− 1
) 2Bk+1
k+1 mod p
2 if k is odd (II)k
under the condition p− 1 6 | k − 1.
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The first congruence due to Lehmer for the even k’s appears in [9] while
the second congruence for odd k’s is due to Mirimanoff and appears in [15] at
the bottom of page 299. Mirimanoff’s notations for the Bernoulli numbers are
the same as Glaisher’s notations in [6]. We provide here a global proof which
gathers at once both cases: k is even and k is odd. We will use the Bernoulli
polynomials:
Bn(x) =
n∑
k=0
(
n
k
)
Bn−k x
k (37)
First and foremost, we have from the Bernoulli formula for the sums of powers:
p−1
2∑
r=1
rk =
1
k + 1
{
k+1∑
l=0
(
k + 1
l
)
Bl
(
p− 1
2
)k+1−l
−Bk+1
}
(38)
Eq. (38) holds by considering Bernoulli numbers of the second kind, that is
B1 =
1
2 instead of B1 = −
1
2 . After the change of indices corresponding to
m = k + 1− l, the difference in (38) can be written with Bernoulli polynomials
instead, as follows.
p−1
2∑
r=1
rk =
Bk+1
(
p−1
2
)
−Bk+1
k + 1
(39)
We will use the translation formula
Bn(x+ y) =
n∑
k=0
(
n
k
)
Bk(x)y
n−k (40)
We apply this formula with x = − 12 and y =
p
2 and obtain
Bk+1
(p− 1
2
)
=
k+1∑
m=0
(
k + 1
m
)
Bm
(
−
1
2
)pk+1−m
2k+1−m
(41)
When working with Bernoulli numbers of the second kind instead of the first
kind in the expression for Bl(−x) and conversely in the expression for Bl(x),
we have
Bl(−x) = (−1)
lBl(x) (42)
Moreover, we have (see for instance [8]),
Bn
(1
2
)
=
( 1
2n−1
− 1
)
Bn (43)
Modulo p2, when p − 1 6 | k − 1 (so that p does not divide the denominator of
Bk−1 by Von Staudt-Clausen’s theorem), there are only two terms in the sum
of (41), respectively obtained from m = k + 1 and m = k. Using (42) and (43),
we get
Bk+1
(p− 1
2
)
= (−1)k+1
(
1
2k
− 1
)
Bk+1 + (k + 1)(−1)
k p
2
(
1
2k−1
− 1
)
Bk (44)
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When k is even (resp odd), the first (resp second) term vanishes. We obtain the
congruences of Theorem 17.
We now apply (I)p−1. It yields,
Sp−1 =
p−1
2∑
r=1
rp−1 =
(
1
2p−2
− 1
)
Bp−1
p
2
mod p2 (45)
We deduce,
2p−2Sp−1 =
(
1
2
+
1
2
− 2p−2
)
Bp−1
p
2
mod p2 (46)
Hence,
2p−1Sp−1 =
pBp−1
2
+
pBp−1
2
(1− 2p−1) mod p2 (47)
We now derive
(1 + pqp(2))Sp−1 = Sp−1 − p qp(2)−
p
2
(p− 1)
2p−1
p−3∑
m=0
(−1)mE(p− 2,m) mod p2,
(48)
where we used Congruence (35) of Lemma 4, Corollaries 1 and 2, and a formula
relating the alternating sum of Eulerian numbers to the Bernoulli numbers by
(2n+1 − 1)
Bn+1
n+ 1
=
1
2n+1
n−1∑
m=0
(−1)m E(n,m), (49)
applied here with n+ 1 = p− 1. Modulo p, the sum Sp−1 is simply −
1
2 , hence
we further derive
1
2
p qp(2) =
p
2
p−3∑
m=0
(−1)m E(p− 2,m) mod p2 (50)
And after simplifying by p and multiplying by 2, we obtain
qp(2) =
p−3∑
m=0
(−1)mE(p− 2,m) mod p (51)
In order to conclude to Theorem 1, it suffices to notice that the non alternating
sum is the total number of permutations on p− 2 letters. Moreover, adding the
alternating sum with the non alternating sum leads to twice the number of per-
mutations on p−2 letters with an even number of ascents. Then (p−2)!+ qp(2)
equals this latter number. But (p− 2)! = 1 mod p. We thus obtain the result of
Theorem 1.
The main Theorem follows from the conjunction of Theorem 1 and Lemma 3.
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Before closing this part, we say a word about Theorem 6. Congruence (9)
can be derived from Congruence (24); in the main theorem, the Agoh-Giuga
quotient equals the Wilson quotient plus 1 and the second term in the sum
is the Fermat quotient minus 1. We thus obtain (10). Congruence (11) was
already discussed before. As for Congruence (12), it comes from a combination
of (24), (25), Theorem 3 and Wolstenholme’s theorem. Indeed, Theorem 3 and
Wolstenholme’s theorem imply that
qp(2) =
p−1∑
k = 1
k even
(−1)
k
mod p
Then, by (25), we have
2
∑
1 ≤ k ≤ p− 2
k is even
Bk
k2k
=
pBp−1 + 1
p
− 1 +
∑
1 ≤ k ≤ p− 2
k is even
(Bk − 2
k
)
mod p
Finally, by (24), we have
pBp−1 + 1
p
=
1
2
+
∑
1 ≤ k ≤ p− 2
k is even
Bk
k
mod p
Congruence (12) follows.
3 Congruences concerning sums of sums of pow-
ers and sums of powers of odd integers
We begin this part by showing Proposition 1 which until now remained an
independent result of the introduction. Proposition 1 relates the sum of powers
Sp−1 to the weighted sum studied in the paper. We use a combination of (25)
and (35). The terms in −2qp(2) vanish and we simply get
Sp−1 =
p− 1
2
+
p
2
p−3
2∑
s=1
(1− 22s+1)
Bp−(2s+1)
2s+ 1
mod p2 (52)
It follows that
Sp−1 =
p− 1
2
+
1
2
(
p
2
− 1− pBp−1)− p
p−3
2∑
s=1
22s
Bp−2s−1
2s+ 1
mod p2, (53)
where we used (24).
From there we easily derive the congruence of Proposition 1.
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Note with pBp−1 = −1 mod p that the formula is correct modulo p.
We can now derive the new Proposition 2 below.
Proposition 2.
∑
1 ≤ a ≤ p− 1
a odd
ap−1 =
1
2
+ pBp−1 −
3p
8
−
p
4
p−3
2∑
k=1
B2k
k2k
mod p2 (54)
Proof. We have,
∑
1 ≤ a ≤ p− 1
a odd
ap−1 =
p−1∑
a=1
ap−1 −
p−1
2∑
a=1
(2a)p−1 (55)
= pBp−1 + 2
p−1 + 2p−2pBp−1 −
p
2
(
3
2
+
p−3
2∑
k=1
B2k
k22k
)
mod p2 (56)
For the sum of (p−1)-th powers of the first p−1 integers modulo p2, the reader
is referred to [11] or to Congruence (5.1) of [18]. Next, we have
2p−2 =
1
2
+
1
2
p qp(2), (57)
and so
2p−2 pBp−1 =
1
2
pBp−1 −
1
2
p qp(2) mod p
2 (58)
Before moving forward in the computation, we introduce a new notation.
Notation 4.
Sp :=
p−3
2∑
k=1
B2k
k22k
Plugging (57) and (58) into (56) yields after simplifying,
∑
1 ≤ a ≤ p− 1
a odd
ap−1 =
3
2
pBp−1 + 1 +
1
2
pqp(2)−
p
2
(
3
2
+ Sp) mod p
2 (59)
Now, from Congruence (25) we derive:
pBp−1 − p+ 1 = −2p qp(2) +
p
2
− pBp−1 − 1 + pSp mod p
2 (60)
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From there, we get
1
2
pqp(2) = −
1
2
−
1
2
pBp−1 +
3p
8
+
1
4
pSp mod p
2 (61)
And so, plugging back into (59), we obtain Congruence (54) of Proposition 2.
More generally, let k be an integer with 1 < k ≤ p−12 . We can express the
sum
12k−1 + 32k−1 + 52k−1 + · · ·+ (p− 2)2k−1
in terms of an alternating sum of Eulerian numbers modulo p2. Indeed, we have:
p−1∑
x = 1
x odd
x2k−1 =
p−1∑
x=1
x2k−1 − 22k−1
p−1
2∑
x=1
x2k−1 (62)
= −22k−1
p−1
2∑
x=1
x2k−1 mod p2 (63)
=
(
22k−1 −
22k−1
22k
)2B2k
2k
mod p2 (64)
= (22k − 1)
B2k
2k
mod p2 (65)
The first sum in the right hand side of (62) is congruent to zero modulo p2.
This fact gets extensively discussed in [11]. Congruence (64) is then obtained
by applying (II)2k−1 of Theorem 17 since k was chosen so that p− 1 6 |2k − 2.
An application of (49) now yields the result stated in the following proposition.
Proposition 3. Let k be an integer with 1 < k ≤ p−12 . Then, we have
p−1∑
x = 1
x odd
x2k−1 =
1
22k
2k−2∑
m=0
(−1)mE(2k − 1,m) mod p2 (66)
In particular, applying (66) with k = p−12 yields:
p−1∑
x = 1
x odd
xp−2 =
1
2p−1
p−3∑
m=0
(−1)m E(p− 2,m) mod p2 (67)
It follows that, where we used Congruence (51),
(1 + pqp(2))
p−1∑
x = 1
x odd
xp−2 = (qp(2))0 + p
(
p−3∑
m=0
(−1)mE(p− 2,m)
)
1
mod p2
(68)
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Moreover, modulo p, the sum we are computing is nothing else than H
′
p−1 which
by Theorem 3 is also qp(2) modulo p. We thus derive:
(
qp(2)
)
0
+ p
{( p−1∑
x = 1
x odd
xp−2
)
1
+
(
qp(2)
)2
0
}
=
(
qp(2)
)
0
+ p
(
p−3∑
m=0
(−1)m E(p− 2,m)
)
1
mod p2
(69)
It comes:
( p−1∑
x = 1
x odd
xp−2
)
1
=
(
p−3∑
m=0
(−1)m E(p− 2,m)
)
1
−
(
qp(2)
)2
0
(70)
Moreover, we have
(p− 2)! +
p−3∑
m=0
(−1)m E(p− 2,m) = 2
p−3
2∑
k=0
E(p− 2, 2k) (71)
And so,
−(p+ 1)(pBp−1 − p) + (qp(2))0+
p
(
p−3∑
m=0
(−1)m E(p− 2,m)
)
1
= 2Np−2 mod p
2
(72)
Thus,
2p− pBp−1 + (qp(2))0+
p
(
p−3∑
m=0
(−1)m E(p− 2,m)
)
1
= (2Np−2)0 + p(2Np−2)1 mod p
2
(73)
From there, we retrieve the fact that (qp(2))0 = (2Np−2)0−1, which is the result
of Theorem 1 and we also get
2− (pBp−1)1 +
(
p−3∑
m=0
(−1)m E(p− 2,m)
)
1
= (2Np−2)1 (74)
So, after replacing in (70), we obtain:
( p−1∑
x = 1
x odd
xp−2
)
1
= (2Np−2)1 + (pBp−1)1 −
(
(2Np−2)0 − 1
)2
− 2 (75)
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From there, point (i) of Theorem 8 follows directly. For point (ii), we cannot
use Proposition 3, hence we make a direct calculation. We have,
p−1∑
x = 1
x odd
xp−1 =
p−1∑
x=1
xp−1 − 2p−1
p−1
2∑
x=1
xp−1 (76)
=
1
2
(pBp−1 − pqp(2)) mod p
2 (77)
= −
1
2
+
p
2
(
(pBp−1)1 − (2Np−2)0 + 1
)
mod p2 (78)
Congruence (77) is obtained by applying (I)p−1 and (78) follows from applying
Theorem 1. Theorem 8 is thus entirely proven.
We now deal with sums of sums of powers.
Using Notation 3, the sum of the first p−12 odd powers of the first
p−1
2 integers
is
S1 + S3 + · · ·+ Sp−4 + Sp−2
First we sum T := S1+S3+ · · ·+Sp−4, using (II)2k−1 of Theorem 17. It comes:
p
p−3
2∑
k=1
S2k−1 = p
p−3
2∑
k=1
B2k
k22k
− 2p
p−3
2∑
k=1
B2k
2k
mod p2 (79)
Since we work modulo p2, the second sum may be replaced with
−
p−3
2∑
k=1
B2k
p− 2k
instead, and so we get by using (24) together with Proposition 1,
p
p−3
2∑
k=1
S2k−1 = 2
(
Sp−1 + 1 +
1
2
pBp−1
)
−
3
2
p+ 2
(
3
2
p− pBp−1 − 1− p
)
mod p2
= −
1
2
p− pBp−1 + 2Sp−1 mod p
2 (80)
= −
1
2
p+ 2p qp(2) mod p
2 (81)
The last congruence is obtained by using (35) and (37) which jointly provide
2Sp−1 = pBp−1 + 2pqp(2) mod p (82)
Then, after simplifying by p, we get:
T = −
1
2
+ 2qp(2) mod p (83)
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Further,
Sp−2 = H p−1
2
= −2qp(2) mod p (84)
So, adding all the terms in the considered sum now yields
S1 + S3 + · · ·+ Sp−4 + Sp−2 = −
1
2
= Sp−1 mod p, (85)
as announced in the statement of Theorem 7.
Point (ii) then simply follows from the fact that the sum of any odd power less
than or equal to p − 2 of the first p − 1 integers is divisible by p. Hence, so is
the sum over the first p−12 odd powers.
4 The Fermat quotient qp(2) modulo p
2.
In this part, we show how our work and Emma Lehmer’s work combined allow
to get to the next p-power in the p-adic expansion of the Fermat quotient qp(2).
The congruence which we will use and which is Congruence (34) of [9] is the
following. Lehmer’s notation for the Fermat quotient qp(2) is simply q2 and her
wp denotes the Wilson quotient.
Theorem 18. (Emma Lehmer [9], 1938)
p−1
2∑
r=1
rp−2 = −2q2(1 − pwp) + 2pq
2
2 mod p
2 (86)
Since
p−1∑
x=1
xp−2 = pBp−2 = 0 mod p
2,
we have:
p−1∑
x = 1
x odd
xp−2 = −
p−1
2∑
x=1
2p−2xp−2 (87)
= −
1
2
(1 + p qp(2))(−2qp(2)(1− pwp) + 2p qp(2)
2)
mod p2 (88)
= qp(2)(1− pwp) mod p
2 (89)
By comparing Congruence (89) with Congruence (15) of Theorem 8 (point (i)),
we thus obtain:
(qp(2))1 − (qp(2))0 wp = (pBp−1)1 + (2Np−2)1 −
(
(2Np−2)0 − 1
)2
− 2 (90)
And since
wp = (pBp−1)1 − 1,
19
we get after simplifications,
(qp(2))1 = (2Np−2)0(pBp−1)1 − (2Np−2)
2
0 + (2Np−2)0 + (2Np−2)1 − 2 (91)
We conclude to Congruence (17) of Theorem 9. And since by Remark 1, we
also have (cf Glaisher’s result),
qp(2) = H
′
p−1 +
1
2
p(H
′
p−1)
2 mod p2, (92)
then equalities (18) and (19) of Theorem 10 follow from gathering (91) and (92).
We end this part by showing that (Np−2)0 can be expressed in terms of a
sum of harmonic numbers with odd indices (cf Proposition 4 below) and we
shall also get an expression to the next power of p (cf forthcoming Proposition
8)
Proposition 4.
Np−2 =
p−2∑
m = 1
m odd
Hm mod p
Proof. Let m be an integer with 2m ≤ p − 3. A classical formula on
Eulerian numbers reads
E(p− 2, 2m) =
2m∑
k=0
(−1)k
(
p− 1
k
)
(2m+ 1− k)p−2 (93)
Lemma 5. The following congruence holds:
∀1 ≤ k ≤ p− 1,
(
p− 1
k
)
= (−1)k mod p
Proof of the lemma. As is well known,(
p
k
)
=
(
p− 1
k − 1
)
+
(
p− 1
k
)
and
(
p
k
)
is divisible by p for each integer k with 1 ≤ k ≤ k − 1. It follows that(
p− 1
k
)
= −
(
p− 1
k − 1
)
mod p
Then, working inductively, we obtain the result of the lemma. We note that
conversely, it was recently proven by Mestrovic in [13] that if n > 1 and q > 1
are integers such that
∀0 ≤ k ≤ n− 1,
(
n− 1
k
)
= (−1)k mod q,
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then q is a prime and n is a power of q.
Applying Lemma 5 to Eq. (93) yields:
E(p− 2, 2m) =
2m∑
k=0
(2m+ 1− k)p−2 mod p
(94)
=
2m∑
k=0
1
2m+ 1− k
mod p (95)
= H2m+1 mod p (96)
The result of Proposition 4 follows.
By the same arguments as before, we have for each m with 0 ≤ m ≤ p−52 ,
E(p− 2, 2m+ 1) = H2m+2 mod p
It follows that
(p− 2)! =
p−3∑
k=0
E(p− 2, k) =
p−3
2∑
m=0
E(p− 2, 2m) +
p−5
2∑
m=0
E(p− 2, 2m+ 1)
(97)
=
p−2∑
m = 1
m odd
Hm +H2 +H4 + · · ·+Hp−3
mod p (98)
And since by Wolstenholme’s theorem we also have Hp−1 = 0mod p, we con-
clude to the congruence:
Proposition 5.
p−1∑
k=1
Hk = 1 mod p (99)
This is Corollary 1.5 of [14], which we retrieved here by a different method.
In [14], Mestrovic and Andjic prove as a special case of a more general result
the stronger statement.
Theorem 19. (Mestrovic and Andjic [14], 2017)
p−1∑
k=1
Hk = 1− p mod p
3
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Proposition 4 joint with Eq. (18) of Theorem 10 imply the unexpected result
of Theorem 11 from the introduction.
We now investigate Np−2 modulo p
2. To that aim, we first show the following
proposition.
Proposition 6. If p ≥ 3 is a prime, then(
p− 1
k
)
= (−1)k(1− pHk) mod p
2 (100)
Indeed, the result follows from the following two lemmas.
Lemma 6.(
p− 1
k
)
=
(
p
k
)
−
(
p
k − 1
)
+
(
p
k − 2
)
− · · ·+ (−1)k−1
(
p
1
)
+ (−1)k
Lemma 7. (
p
k
)
= p
(−1)k+1
k
mod p2
We note that Proposition 6 is part of a stronger congruence by Zhi-Wei Sun.
Theorem 20. (Z-W. Sun, Lemma 2.1 (2.2) of [19], 2012) If p ≥ 3 is a prime,
then (
p− 1
k
)
= (−1)k(1− pHk +
p2
2
(H2k −Hk,2)) mod p
3 (101)
We deduce an expression for E(p− 2, 2m) modulo p2.
Proposition 7.
E(p− 2, 2m) =
2m+1∑
s=1
sp−2 − p
p−1∑
K=p−(2m+1)
HK
K + (2m+ 2)
mod p2 (102)
Proof. We have by applying Proposition 6 in Eq. (93),
E(p− 2, 2m) =
2m+1∑
s=1
sp−2 − p
2m+1∑
s=1
H2m+1−s
s
mod p2 (103)
Moreover, we have by using Wolstenholme’s theorem,
Hp−(2m+1−s+1) = H2m+1−s mod p (104)
Indeed, we proceed by induction. We have,
Hp−2 = Hp−1 −
1
p− 1
= 1 = H1 mod p
Hp−3 = Hp−2 −
1
p− 2
= 1 +
1
2
= H2 mod p
...
Hp−k = Hp−k+1 −
1
p− k + 1
= 1 +
1
2
+ · · ·+
1
k − 1
= Hk−1 mod p
Congruence (102) follows immediately. We derive Proposition 8 below.
22
Proposition 8.
Np−2 =
p−3
2∑
m=0
(
S2m+1, p−2 − p
p−1∑
K=2m+2
HK
K − (2m+ 1)
)
mod p2 (105)
We note that our formula is consistent with our Proposition 4 modulo p.
Proposition 8 is only the starting point of further investigations needed.
Namely, expressing Proposition 4 and 8 in terms of Bernoulli numbers requests
more work. It is to expect that working out further the sums in Proposition 8
could lead to conclusions on the existence or non-existence of Wilson and super
Wieferich primes.
5 Ending notifications and proof of Theorem 15
When we were about to submit this paper, we learned that Zhi-Wei Sun, Zhi-
Hong Sun’s brother, and his co-author Li-Lu Zhao studied congruences con-
cerning the same weighted sums, where the (non divided) Bernoulli numbers
are replaced with harmonic numbers or generalized harmonic numbers instead.
Their result taken from [20] is the following, where notations are standard.
Theorem 21. (Zhi-Wei Sun and Li-Lu Zhao [20], 2013) Let p be a prime with
p > 3. Then,
p−1∑
k=1
Hk
k 2k
=
7
24
pBp−3 (mod p
2) (106)
p−1∑
k=1
Hk,2
k2k
= −
3
8
Bp−3 (mod p) (107)
Previously, Zhi-Wei Sun in [19] had shown under the same conditions that
p−1∑
k=1
Hk
k2k
= 0 mod p
We note that if (p, p− 3) is an irregular pair, the powers of two weighted sum of
the first (p−1) divided harmonic numbers (resp generalized harmonic numbers)
is divisible by p2 (resp by p). Such a prime is called a Wolstenholme prime as
for these primes, Wolstenholme’s theorem [23] holds to the next power of p, that
is Hp−1 = 0 mod p
3 and Hp−1,2 = 0 mod p
2.
Here, our congruence (10) implies that
p−2∑
k=1
Bk
k2k
= 0 mod p⇔ qp(2) = −wp mod p (108)
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We provide a polynomial interpretation of Congruence (108). Our polyno-
mial actor is Xp−1 + (p− 1)!, whose factored form in the ring of p-adic integers
appears in the proposition below.
Proposition 9. We have the factorization in Zp[X ] and subsequent equality
Xp−1 + (p− 1)! = (X − 1− pt1)(X − 2− pt2) . . . (X − (p− 1)− ptp−1)
qp(2) + wp = −t2(1− pt1)
[ p−3∏
i=1
(i+ p ti+2)
]
(109)
Proof. By [11], we can factor the given polynomial in Zp[X ] as in the state-
ment, where the ti’s with 1 ≤ i ≤ p − 1 are some p-adic integers. Specializing
X = 2 leads to Formula (109).
We retrieve from (109) the fact that t
(0)
2 = 2(qp(2) +wp). This is a special case
of Lemma 1 of [11]. Thus, we see that Congruence (108) holds if and only if the
second term in the p-adic expansion of the root of Xp−1 + (p− 1)! of residue 2
is zero.
In fact, we can generalize this result to powers of k weighted sums of divided
Bernoulli numbers, when k is an integer with 3 ≤ k ≤ p − 1. It suffices to
establish the following two lemmas.
Lemma 8. Let k be an integer with 1 ≤ k ≤ p− 1. Then,
p = −
p∑
s=1
[
p
s
]
ks mod p2
Lemma 9. Let k be an integer with 1 ≤ k ≤ p−1. Let qp(k) denote the Fermat
quotient to base k, with standard notations. Then,
p−2∑
l=1
Bl
l kl
= 0 mod p⇔ qp(k) = −wp mod p
Proof. Lemma 8 follows from specializing x = −k in Eq. (4) and applying
Wilson’s theorem modulo p. First, we have from the specialization:
(p− 1 + k)!
(k − 1)!
=
p∑
s=1
[
p
s
]
ks
Then, we write
(p− 1 + k)! = (p− 1)!p(p+ 1) . . . (p− 1 + k) (110)
= −p (k − 1)! mod p2 (111)
Then, Lemma 9 can be derived from Lemma 8 by using the expressions for the
Stirling numbers modulo p2 as provided for instance in [11]. The calculations
24
are similar to those realized before and are left to the reader.
Moreover, we have by using the specialization X = k in both factored and
expanded forms of the polynomial Xp−1 + (p− 1)!,
qp(k) + wp = (−1)
k+1 t
(0)
k (k − 1)! (p− 1− k)! mod p (112)
This implies by Gauss lemma that t
(0)
k = 0. Hence the result of Theorem 15
that was originally announced at the end of the introduction. Note that the
theorem holds even when k = 1.
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